In this paper, we introduce a new adaptive method for computing the numerical solutions of a class of quenching parabolic equations which exhibit a solution with one singularity. Our method systematically generates an irregular mesh with mesh-dependent temporal increments based on the solution behavior from which an implicit finite difference scheme associated with the irregular mesh is constructed. The convergence and stability of the finite difference scheme is analyzed for the solution before quenching. An equivalent linearized model is used to justify the stability of the method near quenching as well. A numerical example is provided to demonstrate the viability of the proposed method.
in [7] , which describes the combustion of two gases meeting in a gap between porous walls [26] . It gives the following partial differential equation (PDE) with a nonlinear singular source function, u t = u yy + f (u), 0 < y < a, 0 < t < T,
and initial-boundary conditions u(y, 0) = u 0 , y ∈ (0, a), u(0, t) = 0, u(a, t) = 0, t ∈ (0, T ),
where f (u) = 1 (1 − u) θ (θ > 0) and 0 ≤ u 0 < 1. The source function f (u) is monotonically increasing for 0 ≤ u < 1 with
Discussion of the existence and uniqueness of its solution can be found in [8, 11, 21] and references therein.
It is pointed out in Kawarada [15] that the boundary distance a plays a crucial role in the quenching problems. There exists a critical length a * > 0 such that for a < a * , the solution of (1)-(2) exists globally, while for a ≥ a * , the solution quenches at a finite time T a , i.e., 
The quenching defined in (3) only considers the values of u and u t at x = a 2 because the solution of (1)- (2) is symmetric about the line x = a 2 and u( a 2 , t) is the maxima of the function u with respect to x.
Classical numerical methods with uniform spatial meshes and temporal steps may not be efficient to reproduce quenching phenomena. Its accuracy may diminish when the length scale of the singularity is less than the step size. It has been demonstrated that significant improvements in accuracy and efficiency can be achieved by adaptive method in numerically solving problems with this type of singularities [4, 9, 5, 10, 22, 26] , since the mesh points can be concentrated locally in the regions with rapid variation of the solution.
In practice, there are three types of adaptive methods, i.e. local refinement (or the h method), order enrichment (or the p method) and mesh motion (or the r method) summarized in [5] . Nevertheless, for time dependent problems, the temporal step size is kept uniform at all spatial nodes in each time-level as depicted in Space-time finite element method in theory allows different temporal step sizes at different space locations, it is typically implemented as using uniform temporal steps (cf. [12] ). It is desirable to assign different temporal increment at different spatial nodes (we call this meshdependent temporal increment). Our aim of this paper is to explore a mesh-dependent variable temporal steps method. From the viewpoint of adaptive numerical methods, this study is a natural extension of the usual uniform temporal increment. If the solution at some spatial point is smoother we may march further with a larger temporal step. So the resulting method may be more efficient in general.
Another interesting problem about equation (1)- (2) is what happens beyond the quenching. A recent survey conducted in [16] proposes important basic questions in quenching research, including quenching time, nature of quenching (does it occur at a single point) and what happens beyond quenching. There are conjectures proposed by Levine [21] . Bandle and Brauner [2] also present some result about the beyond-quenching solution. Phillips [25] considers a slightly different model and show the existence of the solution away from the quenching point when the time evolves beyond the quenching time. Chan [6, 7] studies the model as well and under the assumption that f (0) > 0, f ≥ 0 and f ≥ 0 he shows that the solution will eventually reach the value one (singularity) at every spatial point, which is called complete quenching in [21] . Beyond quenching has physical meaning as well, for example, partial premixed combustion (See [29] ). This, from practical point of view, motivates our consideration of mesh dependent variable temporal step method since uniform temporal increments can not go beyond the quenching time when u t goes to infinity.
Without adding any extra mesh points, we can move both temporal steps and spatial meshes in implementation. However, for simplicity of illustrating our mesh dependent temporal step method we will consider only a uniform spatial mesh in this paper. As depicted in Figure 1 .2, the mesh-dependent temporal step method automatically generates an adaptive irregular mesh based on the solution behavior. If the variation of the solution at node A is smaller than that at node B, then the temporal increment τ A is chosen to be bigger than τ B . As a result, the time line will be replaced by a curve (or piecewise lines) at a time-level. Repeatedly, the next temporal increment τ A and τ B will be determined by the variations of the solution in the same manner. Hence, an irregular mesh will be automatically generated based on the solution behavior. The main advantage of irregular mesh is that it can get the solution in the smooth region faster since the temporal increment is bigger. In the case of quenching problem (1)- (2) where only one quenching point is usually involved, all uniform temporal increment methods, including the method in [3] , have to stop at the quenching time T a . While in our irregular mesh, the nodes after certain temporal increments locate on a curve instead of a horizontal line. Due to this feature of the irregular mesh, the method is able to provide useful information of the solution beyond quenching. The temporal increment τ A is chosen to be bigger than τ B since the variation of the solution at node A is smaller than that at node B. As a result, the dashed line will be replaced by a curve at a time-level.
To the best of our knowledge, no studies have been performed on the numerical method for a solution beyond the quenching, or the blow-up for this particular problem. Our method seems to be a first attempt in this direction. We have to admit that such an attempt is still rather premature. It cannot generally go very far beyond the quenching time. Also the method so far only works for the case where the singularity takes place at one point. Both of above difficulties are due to stability restriction of the irregular mesh. Nevertheless, it is true that our model equation (1)- (2) has one quenching (singularity) point and our method can produce beyond-quenching solution and can provide evidence for the complete quenching result given in [6] (See numerical experiments later). Our goal of this paper is not to provide a method covering general blow-up problem but to focus on the model equation and to understand difficulties associated with such type of methods. We hope that this work could motivate further development to improve or even avoid stability restriction of irregular meshes.
The paper is organized as follows. In section 2, we introduce the irregular mesh in t-x plane based on the solution behavior of problem (1)- (2) . Further, in section 3, we construct an implicit finite difference scheme, associated with the irregular mesh, for computing the solution and the quenching time of the problem (1)- (2) . In section 4, necessary criteria are obtained to guarantee the efficiency in handling the system of algebraic equations resulting from the discretization. The stability properties are discussed for the difference scheme and used as criteria of irregular mesh construction. Finally, in section 5, computational results are given to demonstrate the viability of the method.
Discretizations
Letting y/a = x, problem (1)- (2) can be conveniently reformulated into the following form
Let
We denote t j,i as the j-th discrete time level at spatial node x i and τ j,i as the j-th temporal increment at spatial node x i , where t j+1,i = t j,i + τ j,i . Our temporal coordinates and temporal increments will be determined in term of u t since blow-up takes place in u t . We adopt the following arc-length monitor function for u t [9, 14, 18, 26] ,
Then, with τ 0,i , τ 1,i and τ 2,i given, τ j,i can be determined through
where indices i, 0 ≤ i ≤ N , correspond to the spatial node x i .
Remark 2.1 In the case of uniform temporal increments,
Instead of using sophisticated smoothing as in many adaptive algorithms, we choose a minimal and a maximal temporal step size controllers τ min and τ max , 0 < τ min τ 0 < τ max , to avoid sudden changes in grid movement or any unnecessarily large number of computations immediately before the blow-up of u t .
The controllers can also help to provide necessary information for a proper stopping criterion during the computation. Under such circumstance, the actual temporal step size used can be obtained uniquely throughτ
Furthermore, based on (3), we know that the function u t may blow up with respect to time as t → T and the time adaptation technique should be implemented during the numerical solution process. For the convenience of illustration, we will consider a uniform partition in space interval [0, 1], i.e., x i = ih, i = 0, · · · , N and h = 1/N .
The Difference Scheme
The idea of constructing difference schemes on an irregular mesh can be found in [24, 28] . For any sufficiently differentiable function u(x, t), we may obtain
where
Based on equation (7) three independent equations are needed to obtain three different derivatives ∂u ∂x , ∂u ∂t and ∂ 2 u ∂x 2 at point (x 0 , t 0 ). For example, in order to obtain an implicit scheme, the value of u at three neighboring points (x 1 , t 1 ), (x 2 , t 2 ) and (x 3 , t 3 ) are used as depicted in Figure 3 .1.
After writing equation (7) for each of three neighbors of point (x 0 , t 0 ) and putting them in a matrix form, we immediately have
Since the 3 × 3 matrix in the equation (8) 
Obviously, the irregular mesh obtained in section 2 make the system (8) uniquely solvable and an irregular difference scheme can be constructed based on approximate derivatives obtained in (9) . We substitute approximate partial derivatives (9) into (4) and get an implicit difference scheme
) is the distance in temporal direction between t j+1,i−1 and t j+1,i (or t j+1,i+1 and t j+1,i , respectively), i.e., l j+1,
Remark 3.1 For a regular rectangular mesh, the irregular difference scheme (10) reduces to the usual implicit finite difference formula with b = 1.
Remark 3.2 For this model we can adopt a special technique to obtain the function values of u t in (6) with better accuracy. Taking the time derivative of equation (4), we have
with the initial-boundary conditions
Similarly to (10) , (11) can be approximated by the implicit difference scheme
where V j i is an approximation to u t (x i , t j ). We can solve both (10) and (12) simultaneously to obtain u and u t without any extra computational cost since (10) and (12) have the same tridiagonal coefficient matrix.
Accuracy and Stability Analysis
In this section, we will analyse the mesh-dependent variable temporal steps method described in Section 3. Following the idea in [23] , we divide the analysis into two parts. One is the solution away from the quenching point. The other is the solution near the quenching point, i.e. u approaches 1. For the latter case, we do not intend to give a rigorous proof but only provide an intuitive justification of the stability near the quenching point through a linearized model.
Stability away from quenching
Letting u j i = u(x i , t j,i ) be the exact solution of (4) the local truncation error of scheme (10) at point (x i , t j+1,i ) is
Then using Taylor's series expansion, we have
We assume that 
where C is a positive constant. Note that b j+1,i ≥ 1 implies that l j+1,i−1 + l j+1,i+1 is nonnegative. Then there exist constants K 1 and K 2 such that
where t = max
In fact, (15) is obvious if l = O(h 2 ). If l = O(h
Remark 4.1 Although the constant C in the condition (14) can be an arbitrary positive number it is generally given a small value to obtain a better accuracy. In our algorithm C = 2 or 3.
Remark 4.2 The following restriction is necessary to guarantee the condition b
must be nonnegative. This can be ensured in the mesh construction for the one-point singularity case.
Rearranging the term in (13), we can deduce that
is the numerical solution of the implicit difference scheme (10). We subtract (10) from (16) and assume the condition (14) satisfied. The following inequality is then obtained after taking modulus of both sides of the resulting equation. 
Since e 0 = 0 and (15), we have e j → 0 as h and t → 0. Stability can be obtained similarly. Define
This implies stability of the difference scheme.
We now summarize the above results and obtain the following theorem. 
Stability near quenching
We first rewrite the quenching problem (4) into the following form
where u e (x, t) is the exact solution of (4)- (5). So the solution of (19) with (5) is the same as that of (4)- (5). It can also be shown from maximum principle (ref. [23] ) that 0 ≤ u e < 1 (In our programme, we define a small positive constant δ as a tolerance, e.g., we could choose δ related to τ min . And we will say u quenches when u reaches 1 − δ).
Now we introduce a perturbation z
is the solution of (19) andŪ j i is the perturbed solution due to the initial perturbation. Then the perturbation z j i satisfies the following perturbation equation
Hence, if the temporal step size τ j,i ≤ δ θ+1 and the condition (14) holds, then, similarly to the argument in (17), we have
for the solution near the quenching.
Numerical Experiments
We apply the method introduced in sections 2 and 3 to solve the problem (4) and report the case with θ = 1. Several other cases with θ > 0 were tested as well and results are similar.
Without loss of generality, the initial value u 0 is set to be zero. The spatial step size h varies from 0.1 to 0.01, while the initial temporal step size τ 0 is chosen to be 0.01 ∼ 0.001. The reason of choosing smaller spatial and initial temporal step sizes is not for the stability of numerical scheme, but for observing the quenching and post-quenching behaviors more accurately.
In Figure 5 .1, we show the evolution of the function u and its derivative u t . The parameter value a = π is adopted together with h = 0.02 and τ 0 = 0.005. The six different stages of the solution at t = 0.2138, 0.3637, 0.4639, 0.5137, 0.5637 and 0.5713 are depicted in Figure 5 .1. The location of the blow-up peak appears between x = 0.4 and x = 0.6. This can be observed from the contour maps of the numerical solution in Figure 5 .5. Figure 5 .3. The rapid increase of u t is also observed to start at x = 0.3 and its value has reached 3.2594 as shown in the Figure 5 .3. We can expect that u t of problem (4) blows up finally for the whole spatial domain except two boundary nodes. The contour maps in Figure 5 .5 also indicate this conclusion, since the contours get flatter and flatter as t increases. This result provides some numerical evidence that complete quenching as studied in [6] may indeed exist. marching difference leads to the delay of the quenching time, or in other words, it reduces the accuracy of the computation of the quenching time. The reason is, as mentioned in section 1, the approximation error of finite difference scheme depends not only on the derivatives of solution and sizes of spatial and temporal meshes, but also on the spacing and the shape of mesh cells. The shape of cells becomes too narrow and the angles between mesh lines become too small if the temporal marching is enlarged too much, which causes the reduction of accuracy. Such a phenomenon has been well known in the finite element context where the angles of each element cannot be too small. From the results listed in table 5.1, we can improve the accuracy of the numerical solution through decreasing the spatial step size h and the initial temporal step size τ 0 . For example, the values of the quenching time T a for h = 0.01 is close to the results obtained in [26] . Thus, with the help of the adaptation in space, the quenching phenomenon can be reproduced more accurately. On the other hand, we also notice that the delay of quenching time does not seem to affect the conclusion for the qualitative behavior of the solution. 
Conclusions
In this paper we have presented a mesh-dependent variable temporal step method for the quenching problem (1)-(2) in one dimension under a moving mesh setting in the temporal direction. At each time level, different temporal increment is assigned at different space locations based on the solution profile. We have analyzed and implemented the method. The corresponding irregular mesh is constructed to satisfy the stability criteria and to maintain the numerical accuracy. Using the method, we can provide evidence to a fact that a complete quenching solution may exist. The accuracy of the method on an irregular mesh may be lower than usual method on regular mesh since the accuracy depends on shape of mesh cell as well [17] . If necessary some mesh refinement idea (cf [3] ) may be combined to improve the accuracy.
